EDS 212: Day 2, Lecture 1

[imits and derivatives

August 4™ 2025




Overview of Day 2 topics

Limits

Derivatives

Integrals

Differential equations (just a bit)



Limits




Limits

Definition
We say a number L is the limit of a function f(x) as its variable x approaches a number ¢, if the
function’s output values f(x) approach L when X get closer to c.

We write this symbolically as:
imf)=L  Liwn 2D =L

X—C X_ac

We read this as: “The limit of f(x) as X approaches cis L.”
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Limits example: numerical

What is the limit of f(x) = 2x% — 4 as x approaches 27?

We need to examine the values of f(x) as x gets closer to 2 from both sides.

‘ x approaches 2 from negative direction > <x approaches 2 from positive direction
1.99 2.0

- 15 | 175 | 1.95 205 | 225 | 25
212 | 3.60 4.0 441 | 6.13 | 85
fx) | = F(c S) = £(1.7]

‘ f(x) approaches 4 from negative dmtloﬂ> <ﬁx} approaches 4 from positive direction

From both directions it looks like f(x) converges to 4.

So, we say that “The limit of 2x% —4asx approaches 2 is 4”. We can write it like this:

lim(2x> - 4) = 4 Liwa AX%-4 = 4
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Limits example: graph

What is the limit of f(x) = 2x*> — 4 as x approaches 2?

+—— xapproaching 2 from the
positive direction

A V=4 4.~

| “————  xapproaching 2 from the

negative direction

From both directions it looks like f(x) converges to 4.
So, limy_,2(2x? — 4) = 4.
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Do limits always exist?

The function | x| is the absolute value function. It is such that I X ( = 9‘

|X|:{)—C;C, ifx=0" l,e[:e

ifx<0

I -2\ 1 J;

A What happens to f(x)atx =27 ( =
. x=2 £l <
%Try calculating: A ﬂ Oo——
|x — 2]

lim ) —_
x—2 X—2

-\

Hint: Try to do numerical approximations or draw the graph of this function.

Pe A>T with XKLL ) un abuags sed (7)1
e with X>2yuss by ol () - 4
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Do limits always exist?

N What happens to f(x) at x = 2?

This function is not defined at X = 2 since it would require us to divide by zero, which is
undefined.

Try calculating lim,_,» lii%?

Let's investigate:

X 1.9 1.99 1.999 2 2.001 2.01 2.1

f(x) -1 -1 -1 ? 1 1 1




Do limits always exist?

The function 2| approaches different values from either side at x = 2.

_ $x) = XA ,XF2

y-axis

|
L el

Therefore... the limit does not exist!




Introduction to Derivatives




Recall average and instantaneous rate of
change

Tyrannosaurus rex Mass (kg) by Age (years)

6,000
C ¢

5, 0000 oo
=) 4,000+ Average rate of growth
= between A and C
2 3,000+
m

1‘%\_‘ Instantaneous rate of
1,000+ : : . growthat A
0 =1 t T % !

0 5 710 15 20 25 30
age (years)

Big idea: Taking the average rate of change to a set limit will eventually converge to the
Instantaneous.
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Average slope
g slape o} Hia Uve greph R

8
A

6
if & +A'><L)1 - X+4ax, § C><+A'><\5

2
R 0oy 1 2 'Y+ A3
Start with: o ?oiuo\ o Haa T‘ﬂb?\l\ (X, £06))
AX = vepreseednr a ot distauwie on Hhe X axis
Nearby point: 1% (‘X4A><) f()(—l-é;k\}

_ e -0 A+ a) - £l
Average slope: (’X n Aﬁ) — = AX
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Average slope

Start with a point (x, f(x)) on the graph.

A nearby point can be (x + Ax, f(x + AX)), where AX is a short distance from Xx.

The average slope between (x, f(x)) and (x + Ax, f(x + Ax)) is given by

Jx+Ax) - f(x) _ f(x+Ax) - f(x)
(x+Ax)—x Ax '

average slope =

What happens when Ax becomes smaller and smaller?



What happens when Ax — 0?

8.

AX=2




What happens when Ax — 0?

8.

AXx=1

Slope=1




What happens when Ax — 0?

8.

Ax=0.5

Slope=0.5




What happens when Ax — 0?

8.

AXx=0.25

Slope=0.25




‘Tangent lines

What if we let Ax = 0?

Then we would have a slope line that only touches the graph at exactly Xx.

8.

-1 0 1 2 3

These very special types of lines are called tangent lines.



Derivative definition

Remember the slope of the line that passes between two points (x1,y1) and (X2, )?) is:

slope = u.

X2 — X1

If we have a function f(x), then (x, f(x)) represents a point on its graph.
Choose a different point on the graph thatis Ax away: (x + Ax, f(x + Ax)).
Plug these pointson the graph of f(x) into the slope equation:

f(x+Ax) - f(x)
Ax '

slope =

When we let Ax — 0 we get the slope of the tangent line at x

fl(x) — lim f(x + AX) - f(x)

= 7,
This is the derivative of f at x. Also denote; ol ' -
T




The expression for
‘\?/\e/ lhs{:“an‘\'anequi
sSlope ar an N
OY\PO\ -Fur,\ch\)jn,nga
the derivative

)

L 4 A

IS FOUND BY:
0) F'W\ding an
expression for the

cl\lope between 2 points
Se\g:wad'ed b\._,j AXE‘

AX->0 AX
X e

(@ evaluating that
slope as fhe points
ge’f W\FmH-ely close

+Og€+h€,\n
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Not all functions are differentiable o 1.2

Ov maud\o e AwA Coven (K.

o All differentiable functions are continuous, but not all continuous functions are differentiable.

» The absolute value function |x| is one example, this is defined by

X , X=0
|x| = :
-x ,x<0

It's graph is:
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Let’s take a 5 minute break

Maet  bucte
oA 11am.

image: Flaticon.com

N Move ofdev ralt of chovepe iu EDS.



Why derivatives in an EDS program?

Describing rates of change is common in environmental science
(rate of pollutant concentration change, rate of population
growth, rate of energy consumption)

23



Calculus and derivatives are used to study
change

6,000

4,000 +

Average rate of growth
between A and C

-

"“m Instantaneous rate of
. - growthat A

- , ——

0 5 710 15 20 25 30

3,000+
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Environmental Science studies change




Environmental Science studies change

Electrical power

4 o Load-shifting opportunities

= [nergy demand
ww= Renewable supply

Supply deficit

Supply excess

0 2 4 6 8 10 12 14 16 18 20 22 24

Time of day [hours]

26



Environmental Science studies change

& Talk with a partner, what are 2 fields of environmental science where studying the rate of
change and derivatives would be important?

% Moye lovesll affen Vs
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Rules for differentiation (1)

Constant Rule &

\F —fCK\=C ; Mo -f‘('XS:O. —>
* c =
AX
Power Rule

ldv\beavw/mm\/; ‘\F
Fxd = 2" |, ks f‘C'XB——-V\’)C“

—

—

. -\
SW . & WV\ = (\yn ‘
9.4
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Rules for differentiation (1)

Constant Rule

Let ¢ be a constant (so, a number). If f(x) = ¢, then f’(x) = 0. Equivalently

d
=0
dxc

Power Rule

Let 1 be a (real) number, if f(x) = x", then f’(x) = nx""!. Equivalently

% [x"] = nx"".

Examples A
1
y =100 f(x)=x5 f(x)=?
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Rules for differentiation (2)

Sum and Difference Rules

N A0 aved %(')C) @ Lfbesksdote fumchons.

T | L |
(Beg) = vy cems,
{
(fw—géwﬂ = ') — g (%)
Exannsga,

ol =D darivodie 20
f(’)() _ 7(3_ 72@ (ows

P =30"— 20 +0 = 3%-2% .
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Rules for differentiation (2)

Sum and Difference Rules

Let f(x) and g(x) be differentiable functions. Then

d d d
a[f(x) +g8(x)] = af(x) + Eg(X)
d d d
a[f(x) -g(x)] = af(X) - ag(x)

@ All this says is: if the function has pieces that are added or subtracted you can take the
derivative of each individual piece and add those derivatives.

Example A\

f(x)=x>-x*-15

* (ot cbordy dub iuks f‘-\—%\mhon. \
Y S



°\ ﬁ ;B' ; "‘i'—;: X
Rules for differentiation (3) - L X2

Constant Multiplier Rule

N The dniwilive of o Bt § ot plied %%Mm
err\ s o <au o ftho cmus&'t:ud M‘p‘lanr% -

; o * é"é:"iﬁ.
Ho cQO/»\vo\.th ‘ | X Tt
CC1€C7<\) = ¢ ¥ (x), -=~(%xz'x“ \

- _g_o&"/’zg
%(—K} = C i-kf(x\ =C (1) %72 XXZ
M &6 +r¥rﬂ ,eXZLJEW—g?@d-"( 7(1
4 =20+ @A - (1P 0 =2+ X
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Rules for differentiation (3)

Constant Multiplier Rule

The derivative of a constant ¢ multiplied by a function f(x) is the same as the constant
multiplied by the derivative:

d d
a[kf(x)] = kaf(x)
Example AN

8
y=x2+\/2x—;+4

33



Derivative of logs & exponents

Two special derivatives:
@) =e”

s %ln(x) =1

34



summary of differentiation rules

Differentiation Rule f’(x) notation d% notation

Constant Rule fx)=c=f'(x)=0 d—‘i[c] =0

Power Rule f)=x"= f'(x)=nx""  L[x" =px"!

Sum Rule (8(X) + h(x)) = g'(X) + h' (%) 4=[8(x) + h(x)] = £ g(x) + L n(x)
Difference Rule QX)) —h(x)) =g ) = 1" (x) L[gx) - )] = Lgx) - Lnx)
Constant Multiplier Rule (c-gx) =cgx) d%[c gx)]=c %g(x)

And two special derivatives: d%(ex) = e* and d%ln(x) = %
There's more differentiation rules (product, quotient, chain rule).

They're fun, but we won't be reviewing them.

35



Higher order derivatives

We can continue to take derivatives of derivatives.
The second derivative becomes the rate of change of the rate of change.

If we interpret the first derivative as velocity, then the second derivative is acceleration.

Notation:
= Function: f(x) =y
= 1stderivative: f/(x) or %

2
» 2nd derivative: f”(x) or %

= nth derivative: f")(x) or ?1:::1

36



Derivatives practice

Solve individually and then check with a partner.

1. Which rules should you use to take these derivatives?

A) f(x) = 3x* B)y = 4x* +3x - 16
2. Find the derivatives of these functions
A)y = 3x? B) h(x) = 2x(x> + 3x) C) gy) =2,/y— e’ +201In(y)
3. Find the 3rd derivative of:

N oyl 2,
A '3 - 3-a% G(z) = 32* — 82° + 22 — 19

37



Derivatives practice

A Let's see a solution!

2.B) Find the derivative

h(x) = 2x(x* + 3x)
N =2%xZ + x*
h(x) = o> +)2x

38



Derivatives practice

A Let's see a solution!

2.C) Find the derivative

g(y) =2,/y-¢e’ +201In(y)
() = Z\/W’- ed+r20unly)
q(y)= 2'%\/\”-‘_ elr20-L
g'(p)=Y""-e'v 20
b)

, \
3(‘0:‘—‘—39+ 20
Ny 7
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Derivatives practice

A Let's see a solution!

3. Find the 3rd derivative of G(z) = 3z* — 823 + 2z — 19.
Geyile? = W x40
' = 30’ bz X
bl“[:g\ = L -4

wilda sdwbons in & Swrovabt Dide-

40



Partial derivatives




Partial derivatives

When we find a partial derivative, we find an expression for the slope
with respect to one variable in a multivariate function.

oF Bf 4 f

Notation: the partials of f(X, ), 2) are ax 'y’

We read f as “the partial derivative of f with respect to x”

How to take partial derivatives? Find the derivative with respect to a
single variable, treating all others as constants.

42



Partial derivatives example

A\, Find all partial derivatives of
L%& ! Yeak @ oM varsoeax =K s tadAs,
B(x,y,z) =0.4x’y —3.6y° +4zx + 8

OB 2
:)—)("—-0.“3(3'X>+O+<‘2' + QO

= l.smc";éy + 4

=01 - %24 +0 = o4a- 92y

o8
oY
@_E = 0+L(')( +0 =4q>x.
02

43



Partial derivatives example

Find all partial derivatives of
B(x,y,z) = 04x’y = 3.6)" +4zx + 8

oB
— = 12Xy +4z

0x

OB
— =04x>-72y

dy
0B
— =4x
0z

MW M st et sl .

44



Partial derivatives example

Find all partial derivatives of

B(x,y,z) = 04x’y = 3.6)" +4zx + 8

0B
E = 1.2x2y + 4z
0B
i 04x° =72y

0B

— =4x

0z

7y

NWhat is the value of the partial derivative of B with respect to z at the point (1,2,3)?

e o g e L7 3
M”WD&\‘V‘ q"/qa 2/ 23 In 3—?‘ ___lf‘x -) Z)_g"_l{(-;(/
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S\uduwal ecp\aodion aleoud E)é ‘U@\a

OKR, but what do partials actua\lly mean?

The slope with respect to one variable if other variables are held

constant.

WL Wane o %’\MV"*U“ JH%QD- lte TS‘“’P*" ‘s o owfaw i 2D -

* (% 4,4 (xy))

SM‘Pv-ce. cvveds

u
a;:zb;% T divechion
divecdnon .. . U
l:..,;‘:.d o e Houk * b R
x sofon o Has g LR =
poivd in He (%4, f('x,-cgﬂ Y
x ob:vedio“ o
e atope 2E bl S
hes leaPe D_?.
46
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Partial derivatives practice

a. The temperature (in Celsius) across a surface (where X and y are in meters) is described by:

T(x,y) =x’y-2x+y-1
At what “rate” is temperature changing (with respect to distance):

¢ |n the X direction, at the point (1,3) on the surface?

* |n the y direction, at the point (0,2) on the surface?

b. A dragon’s breath temperature (T, in degrees Celsius) is modeled as a function of its
wingspan (W, in meters) and length (L, also in meters):

T(W,L)=041WL+26W?

* Kdd quuarSons Wae aood wéﬁ:g,www o eompllx
SLUITAWL  sunol vy ey chraueg.



NI B -~
e At what rate is breath temperature changing with respect to length for a dragon thatis 4.1m
long, with a wingspan of 4.5m?

e At what rate is breath temperature changing with respect to wingspan, for the same dragon?

¥ Fix slide ow,&m,u,
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Partial derivatives practice

A Let's see a solution.

T

a. The temperature (in Celsius) across a surface - Q’b)( -2
(where X and y are in meters) is described X

by:
2T () =2(DD-2 @
e @y > =

At what “rate” is temperature changing (with ;)‘r 2+
respect to distance): — X A ,

¢ |nthe X direction, at the point (1,3) on the 53

surface? 9’1’ ( 5 ) / Ov?' p [ OC[VW
* |In the y direction, at the point (0,2) on the - L C ) -

surface? 23

2T
¥ 1co2)

48



Partial derivatives practice

A Let's see a solution.

a. The temperature (in Celsius) across a surface

(where X and y are in meters) is described
by:

T(x,y)=x*y-2x+y—-1

At what “rate” is temperature changing (with
respect to distance):

¢ |In the X direction, at the point (1,3) on the
surface?

* |In the y direction, at the point (0,2) on the
surface?

— =2xy -2, — =x*+1

ax Ay

oT

Ll Z21)B3)-2=4 C/m
X113

I

oT) =0y +1=1'C/m
9y 102
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Partial derivatives practice

A Let's see a solution. (w ) L >

b. A dragon’s breath temperature (T, in degrees ( L)l g L} I >
Celsius) is modeled as a function of its T

wingspan (W, in meters) and length (L, also

in meters):
D _ 04w
Y AL g4i(45) = Lgds ¢
T(W,L)=041WL+26W "
o At what rate is breath temperature changing D - 0 L\‘ L+2 ( 2.0 N)
with respect to length for a dragon that is AW )

4.1m long, with a wingspan of 4.5m?

0.41(4.0) 4 2(26(25)
25 08\ Cfw

e At what rate is breath temperature changing
with respect to wingspan, for the same
dragon?

21
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Partial derivatives practice

A Let's see a solution.

b. A dragon’s breath temperature (T, in degrees oT 0
Celsius) is modeled as a function of its — =041W, — =041L +52W
. . oL ow
wingspan (W, in meters) and length (L, also
i : oT
in meters): Ry = 041(45) = 1.845 ‘C/m
JL l(w=45,1=4.1)

8TI

o = 041(4.1) + 52(4.5)
oW l(w=45,1=4.1)

T(W,L)=041WL+2.6W?

e At what rate is breath temperature changing = 1.681 +23.4 =25.081 'C/m
with respect to length for a dragon that is
4.1m long, with a wingspan of 4.5m?

e At what rate is breath temperature changing
with respect to wingspan, for the same
dragon?
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Example: higher order & partial derivatives in
environmental data science

The Advection-Dispersion-Reaction Equation for solute transport
models the change in a solute concentration C over time t and X, y,Z
space, where groundwater is flowing in direction X:

oC 9*C 9*C 9*C oC
- D,—+D,— +D,— —v——ARC
o Yo TV gy 022~ U ox

Dy,Dy,D are hydrodynamic diffusion coefficients in the X, y, and z direction.

52



Let's break it down.

oc _ 5 a2c+D a2c+D 9*C LIC o no
a T oax2 TV oy “ 0z2 dx

Left-hand-side: Rate of concentration change (over time)

Right-hand-side first 3 terms: Concentration change due to dispersion in X, y, and z
directions

Right-hand-side fourth term: Concentration change due to groundwater transport (in
groundwater flow direction, x)

Right-hand-side final term: Reaction term (e.g. biodegradation / abiotic degradation)
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Lunch breakl

image: Flaticon.com
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